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Abstract—A new real gas model is developed in order to
estimate the cold and hot exit temperatures of a vortex tube.
The effect of the Bodewadt boundary layer flow is considered in
addition to the introduction of a correction factor to account for
high cold mass fractions. The model predictions are compared to
that of an ideal gas model and to experimental data available in
the literature for three different refrigerants, namely air, R134a
and carbon dioxide. The model exhibits similar results compared
to the ideal gas model using air while it drastically improves the
predictions of the cold and hot exit temperatures for R134a and
carbon dioxide.

Index Terms—vortex tube, real gas, carbon dioxide

I. INTRODUCTION

The main objective of the vortex tube is to separate a
compressed gas into two streams, one at a lower temperature
than the inlet temperature and the other at a higher temper-
ature. This phenomenon is known as energy (temperature)
separation. The vortex tube was first introduced by Ranque
in the beginning of the 1930s [1]. But due to the poor
available explanation of its working mechanism, it did not
gain popularity in the scientific community at that time. In the
mid-1940s, Hilsch [2] improved its design by trying to explain
its working mechanism and the factors affecting its efficiency.
A renew of interest is noted since the last few years due to its
simplicity and its intriguing mechanism.

The vortex tube typically consists of multiple inlet nozzles
and a main vortex chamber with two exits, the cold exit and
the hot exit. There are two main configurations of vortex tube
that are used due to their simplicity and they are distinguished
by the locations of the orifices: the counter-flow (Fig. 1)
and parallel-flow vortex tubes. A counter-flow vortex tube is
mostly characterized by the placement of the cold exit and
the inlets on one side of the tube while the hot exit is on the
opposite end. For the parallel-flow design, the inlets are on one
side while both the cold and hot exits are on the same other
side. In general, the counter-flow vortex tube is more popular
due to its better performance [3]. In a counter-flow vortex tube,
passing through the tangential inlets, the fluid enters the vortex
chamber producing a high swirling flow. This flow divides
then into two streams, one leaving the tube through the hot
exit along the periphery and the second flows along the axis
towards the cold exit.
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Fig. 1. A schematic representation of a counter-flow vortex tube [14]

Cold Exit
¥

Vortex Chamber

Ranque [1] came up with the explanation that the en-
ergy separation is caused by gas compression and expansion.
Crocker et al. [4] proposed that the core forced vortex is the
main cause of pressure gradient across the tube diameter in the
vortex tube with a high pressure region (compression) at the
periphery and a low pressure zone (expansion) in the center.
Hence, this may explain the temperature difference between
the core and the periphery. Another theory emerged by the
analysis of the flow structure. Hilsch [2] was the first to come
up with the idea that internal friction is what causes the heat
transfer from the inner core to the periphery. Fulton [5] proved
that a free vortex exists at the periphery of the tube. Due to
the presence of the forced vortex in the core, kinetic energy is
transferred from the core to the periphery by friction between
the different fluid layers. Due to this friction, a temperature
difference emerges to make the core cooler and the periphery
hotter. The secondary flow theory is based on the fact that
part of the hot flow may expand into the cold flow stream
at the plug end of the vortex tube and then moves back
through the peripheral flow. Ahlborn and Groves [7] proved
by experimental measurements that the mass flux through the
cold exit is lower than that in the tube center. Hence, the
secondary circulation is present apart from the primary vortex.
In this process, the thermal energy is absorbed from the stream
moving towards the cold exit and transferred back to the
one moving towards the hot one [6]. One of the interesting
theories explaining the temperature separation is the acoustic
streaming. Kurosaka [8] proposed that the Rankine vortex
transforms into a forced vortex due to acoustic streaming. By
increasing the inlet pressure, the measured cold temperature



decreased. However, after reaching a certain pressure value,
the temperature increased abruptly. As he was also measuring
the sound pressure level, he also noticed an abrupt reduction
in it. However, this theory is not fully valid for vortex tubes
as he used a cylinder with the inlet and exit being on the same
side [6].

Air is the most commonly used working fluid for fundamen-
tal studies about vortex tubes. However, most industrial appli-
cations require the use of other working fluids or refrigerants.
As an example, the final objective of the present project is to
optimize the performance of a transcritical CO3 heat pump
integrating a vortex tube. Thakare and Parekh [9] conducted
a CFD study using air, nitrogen, carbon dioxide and oxygen.
They came to the conclusion that nitrogen offers the maximum
temperature difference between the hot and cold exits, while
carbon dioxide leads to the minimum one. On the contrary,
Agrawal et al. [10] demonstrated experimentally that carbon
dioxide performs the best compared to air and nitrogen in
terms of cold temperature drop at a cold mass fraction of 0.3.
Rafiee and Sadeghiazad [11] performed 3D CFD calculations
using five different gases: air, nitrogen, oxygen, carbon dioxide
and nitrogen dioxide. Based on their results, nitrogen dioxide
showed the best capability to provide the maximum cooling
and heating powers compared to the others while air exhibited
the lowest performances. Kirmaci et al. [12] made an exergy
analysis using oxygen, nitrogen and argon. They conducted
their experiments under a pressure range of 150 — 700 kPa
for different numbers of inlet nozzles and a fixed cold mass
fraction of 0.5. Based on their results, argon showed the
highest exergetic efficiency for every nozzle number and at
all inlet pressures. On the other hand, nitrogen showed the
maximum exergy losses among others gases even though air
showed the lowest exergy efficiency.

Liew [13] developed an ideal gas model for vortex tubes
with L/D > 20, where L and D are the vortex tube length
and diameter, respectively. It also directly projects the effect of
the pressure difference between the inlet and the exits to the
estimations of exit temperatures. His model is based on the
radial momentum equation, the perfect gas assumption and
the isentropic flow relationships in the inlet nozzles. It relies
on two main mechanisms. The first one explains the energy
separation between the core and the periphery of the vortex
tube based on the radial pressure gradient due to the centrifugal
force. He explained that gas pockets expand and compress
between the core and the periphery while transporting energy.
The second mechanism is about the kinetic energy distribution
throughout the vortex tube. He simply stated that the kinetic
energy is higher in the periphery than in the core and that it
converts into heat in the periphery. Liew [14] claimed that the
average error between his model and his experiments is about
1.1% in terms of the exit temperatures. Lagrandeur et al.’s [21]
model is based on that of Liew’s with major improvements.
Only the cold exit pressure is considered in this new model,
friction losses are accounted for in the inlet nozzles and the
Bodewadt boundary layer flow is added, having a significant
effect especially for low cold mass fractions. They validated

it with the experimental data of Camiré [20] and they showed
that it greatly improves the former predictions of Liew [14].

The analytical models developed previously were dependent
on the ideal gas assumption. However, these models are not
suitable to work with real gases nor high pressure conditions.
Hence a new model is required to provide more precise
predictions working with such conditions. In this work, a new
thermodynamic model is developed for real gases and to the
best of the authors knowledge, it is the first one able to predict
the two exit temperatures of a vortex tube.

II. THERMODYNAMIC MODEL
A. Original Model

In order to develop the real gas model to be introduced in
this section, the following parameters should be independent
in order to calculate the exit temperatures:

o Total inlet pressure (FPy;,,) and temperature (71{;,,)

o Cold exit static pressure (F.)

o Cold mass fraction (t.)

« Some geometrical dimensions: the radii of the vortex tube
(ryt), of the vortex chamber (r,.) and of the cold exit (r.)

In addition to that, some realistic assumptions and condi-
tions are needed to simplify the model development:

o Compressible fluid

o Steady state flow

o The swirl velocity is much higher than the axial (ug >>
u,) and radial (ug >> u,) components

e The change in the axial direction is neglected compared
to that in the radial direction (% >> %)

o Isothermal static temperature along the inlet plane
(T = T.) [15]

« Fully developed turbulent flow in the cold exit

o Presence of a forced vortex

« Isentropic process in the inlet nozzles and cold exit

Accounting for the above mentioned assumptions, the radial
momentum equation gets:
2
ugp(r)
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where P,r, ug and p are the static pressure (Pa), radius
(m), swirl velocity (m/s) and density (kg/m?), respectively.
To solve this equation, a real gas equation of state (EoS) is
needed. The ideal gas EoS is inaccurate at high operating
pressures or low operating temperatures. In addition, not
all fluids can be represented by the ideal gas law because
their intermolecular forces become significant. Many equations
were developed to account for the real gas behavior and they
differ in their accuracy and sometimes complexity. In the
present model, one considers the virial EoS, which can be
expressed in either density or pressure series expansions:
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where V,,, T and R are the fluid’s molar volume
(m3 /mol), static temperature (K) and universal gas constant
(J/(mol.K)). B (m3/mol), C (m8/mol?), ..., called virial
coefficients, are temperature-dependent. These coefficients are
either determined experimentally or theoretically [16] and they
represent the direct interactions between molecules [17]. Data
available for the B coefficient are abundant and vary depending
on the source for different gases and mixtures. Considering the
C coefficient, the available data are less and exhibits higher
uncertainties, while the available data for the other coefficients
are almost scarce and the accuracy level is unknown from the
measurements [17]. B* and C* are connected to the virial
coefficients using the following equations:

B = B*RT 4)
C = (B** + C*)(RT)? (5)

The density series expansion is more fundamental, while
pressure expansion is more practical. [18]. The pressure ex-
pansion series with the second and third virial coefficients is
used in this work for the sake of its mathematical simplicity
that complies with the developed model. As an integral part
of the model, the swirl velocity is needed to be computed.
Liew [13] could determine, experimentally and numerically,
the behavior of the swirl velocity between the inlets and the
cold exit. He, then, developed a mathematical representation
of that velocity behavior in terms of the Mach number and the
radius measured from the center line. The value of the Mach
number increases linearly from the centerline till the vortex
tube radius, then the value becomes constant till the vortex
chamber radius. Instead of using the Mach number, the swirl
velocity is used in the real gas model, and the mathematical
representation becomes:

WeT 0<r<ry
ug(r) =4 ¢ ) (6)
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where w, is the rotational speed (rev./s) at the nozzle exits.
Eqgns. (3) and (6) are then combined with Eqn. (1). The
pressure in the resultant equation is then integrated between
the cold exit (P, at » = 0) and the nozzles exit static pressure
(P, at ¥ = 1,¢) to get:
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where T;,, and R, are the nozzles exit static temperature and
the specific gas constant (J/(kg.K)), respectively.

When Liew [13] developed his equation that is parallel
to Eqn. (7), he used the isentropic gas relations that were
developed based on the ideal gas assumption to connect
his equation to the inlet total pressure. Since such relations
were not well-established using a real gas EoS, based on
the authors’ knowledge, and P;, is unknown, an iterative
procedure is required to determine the rotational speed.

P?)
(M

In order to obtain the exit temperatures of the vortex tube
the following procedure is developed:

1) Using the inlet givens and with the help of the Cool-
Prop database, the inlet total enthalpy and entropy are
calculated.

2) The inlet static enthalpy (J/kg) can be computed at the
nozzle exit using the total inlet enthalpy and the flow
speed.
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3) The values of T}, and P;, are then computed.

4) Using the value of T;,, and iterating on the value of w,,
P;,, can be calculated using Eqn. (7).

5) The values of P;, from steps 3 and 4 are then compared
with each other. The iterative process is repeated until
both values are similar.

6) The pressure and density distributions are then calcu-
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7) The axial cold exit velocity (1m/s) is computed.
Uy = g (11)
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where .. is the cold mass flow rate (kg/s) and 0 is the
rotational angle.

8) The cold exit static enthalpy is calculated using P, and
T..

9) The cold exit total enthalpy (J/kg) is calculated using
the following equation:
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10) Then, the entropy of the cold exit is calculated.

11) Using the calculated value of hg. from Eqn. (12) and the
cold exit entropy, the total cold exit temperature (7p.)
is computed.

12) The hot exit total enthalpy is calculated using the
conservation of energy:

r)rordf (12)

hOzn ,uchOC
hop = ————— (13)
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where p, = ;l”f and my;,, is the inlet mass flow rate
(kg/s).

13) To calculate the hot exit temperature (7p,), CoolProp is
used with hgp, and P, being its inputs. When Zhu [19]
measured the hot exit temperature, he regarded that the



total temperature is the same as the static temperature
due to the low flow speed. Also, Camiré [20] neglected
the hot exit speed and he attributed that to the fact that
the forced vortex assumption becomes invalid near the
hot exit due to wall friction. In addition to that, the hot
exit area is much bigger than those of the inlet and cold
exit and, hence, the velocity is much lower [20].

B. Losses and Corrections

The considerations of losses and corrections proved to be
effective in closing the gap between the model predictions and
the experimental data as shown by Lagrandeur et al. [21].
Hence, some of these considerations that proved to have a
significant effect are taken into account in the present work.
The first improvement concerns the Bodewadt boundary layer
flow which is important especially within the small cold mass
fraction range. The approximated Eqn. (14) developed by
Gutsol [22] is used as a simple representation of the mass
flow rate escaping from the inlets to the cold exit.

Ty = 25rcp(7'c)\/[(7'vt — T¢) VWeTpt) (14)

where v is the fluid kinematic viscosity (m?/s).

In addition, the correction of the cold exit temperature made
by Lagrandeur et al.’s [21] in order to avoid that 7y, may
approach infinity at high cold mass fractions is considered.
However, the correction is applied to hg. instead of Ty, as
seen in Eqn. (15) since the ideal gas assumption is not valid
here. Then, using CoolProp, the temperature could be found.

hoe = hoin — (hoin — hou) tanh (A (1 — p))

ho., 1s the cold exit enthalpy computed by their original model
while A is a scaling factor (A = 2) that controls the transition
value between 0 and 1 of the tanh function.

15)

III. RESULTS

TABLE I
OPERATING PARAMETERS OF THE EXPERIMENTAL STUDIES OF CAMIRE
[20] AND ZHU [19]

[ Parameter | Air | R134a | CO-

Poin (kPa) 239 903 - 1269 356 - 1883
Toin (K) 294.6 - 295.6 | 323.5 - 324.8 | 293.8 - 297.3
m (g/s) 8.16 - 9.45 9.7 - 14.8 2.1-10
L (mm) 609.6 81.6 81.6

Ty (Mm) 12.7 6.3 6.3

re (mm) 4.15 2.9 2.9

No. of nozzles 4 6 6

In order to validate the real gas model developed here, sev-
eral validations including three different refrigerants, namely
air, R134a and carbon dioxide, are performed. The exper-
imental data of Camiré [20] are used to compare results
with air, while Zhu’s [19] experimental data are used to
compare results for both carbon dioxide and R134a. Also, the

developed real gas model predictions are compared to those
of Lagrandeur et al. [21] using an ideal gas model. Table I
presents the operating conditions and characteristics of the
vortex tubes used in the different experiments. It must be noted
that r,. = r,¢ in all experiments.
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Fig. 2. Cold exit temperature prediction against Camiré’s experiments [20]
using air

Fig. 2 presents the predictions of the cold exit temperature
against the experimental data of Camiré [20] for a vortex tube
working with air. Both models provide almost identical results
for the whole range of cold mass fraction. This is expected
since air behaves as an ideal gas and barely deviates from
this assumption within these operating conditions. The calcu-
lated compressibility factor is about 0.99. When comparing
the results, the real gas model shows a maximum error of
about 3% at cold mass fractions lower than 0.1. The model,
then, underestimates the values between pu. = 0.1 and 0.5.
Afterwards, it overpredicts the values but with a low error of
up to 1.5% only till almost . = 0.9.

Fig. 3 displays the corresponding predictions for the hot
exit temperature. Both models show a very decent agreement
together but the real gas model starts to show better results
after a cold mass fraction of about 0.7. This deviation can
account for up to 1 K difference between both models. The
reason is that the way the hot exit temperature is calculated by
the real gas model is slightly different from that of the ideal gas
model as it was previously evoked. The model underpredicts
the 7oy, values for cold mass fractions up to 0.25. It then starts
to overpredict Ty, and the error between the experimental data
and the model increases almost linearly. A maximum error
of 3.5% is reached at a cold mass fraction of about 0.97.
However, between cold mass fractions of 0.15 and 0.63, the
model provides errors below 1.2%.

Fig. 4 shows the cold exit temperature calculations against
Zhu’s [19] experiments with R134a. Contrary to Camiré [20],
the data of Zhu have not been obtained for a fixed parameter
such as the inlet pressure. However, the presented results give
a very good idea about both models’ predictions. The real gas
model exhibits a very good consistency in the prediction of
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Fig. 3. Hot exit temperature prediction against Camiré’s experiments [20]
using air

the experimental results. However, even though the ideal gas
model shows better predictions for cold mass fractions in the
range [0.55 — 0.75], it shows inconsistency in the predictions.
The reason behind this is that the operating conditions of
R134a are far from the ideal gas behavior. The calculated
compressibility factor for the operating data points ranges from
0.85 to 0.89. The maximum error between the real gas model
prediction and the data is around 1.67% only at a cold mass
fraction of 0.781 and inlet pressure and temperature of 1261
kPa and 324.15 K, respectively. Using the ideal gas model, the
highest error reached is about 4.1% at a cold mass fraction of
0.819 and inlet pressure and temperature of 1269 kPa and
323.95 K, respectively.
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Fig. 4. Cold exit temperature prediction against Zhu’s experiments [19] using
R134a

Fig. 5 shows the hot exit temperature predictions of both
models against Zhu’s [19] R134a data. The results are different
than those for the cold exit temperature. The ideal gas model
overpredicts the temperatures by a large margin from the
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Fig. 5. Hot exit temperature prediction against Zhu’s experiments [19] using
R134a

experimental data with a minimum error of around 5% at a
cold mass fraction of 0.3 and inlet pressure and temperature of
923 kPa and 323.65 K, respectively. For the real gas model,
the results are much better with a maximum error of about
4.5% only at a cold mass fraction of 0.819 and inlet pressure
and temperature of 1269 kPa and 323.95 K, respectively.
Two reasons can justify this significant difference between
both models. The first, as mentioned above, is the non ideal
behavior of R134a and the second is the differences in the
calculation of the hot exit temperature.

As a last step of validation, Figs. 6 and 7 display the model
predictions in terms of cold and hot exit temperatures, respec-
tively, versus the carbon dioxide data of Zhu [19]. For most
of the results, the real gas model shows better agreement with
the experimental data than the ideal gas model. The maximum
error between the real gas model and the experiments in the
calculation of the cold exit temperature is about 4.3% at a cold
mass fraction of 0.17 at inlet pressure and temperature of 387
kPa and 296.05 K, respectively. On the other hand and at the
same conditions, the ideal gas model shows a maximum error
of around 6.4%. Both models demonstrate that regardless of
the inlet conditions, the agreement with the experimental data
becomes better as the cold mass fraction increases.

Considering the hot exit temperature, the real gas model
shows a very good agreement for all cold mass fractions lower
than 0.63. However and regardless of that, the maximum error
between the real gas model and the experiments is about 2.8%
at a cold mass fraction of 0.67. The real gas model shows
closer difference with the experimental data in comparison to
the ideal gas model for every experimental data point. This
behavior is similar to that of R134a and the explanations
for that remain the same. However, the carbon dioxide’s
deviation from ideality is slighter than that of R134a [16].
The compressibility factor range for the presented data is
[0.9 — 0.98].
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Fig. 6. Cold exit temperature prediction against Zhu’s experiments [19] using
carbon dioxide
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Fig. 7. Hot exit temperature prediction against Zhu’s experiments [19] using
carbon dioxide

IV. CONCLUSIONS

In this work, a new real gas model based on the virial
equation of state was developed in order to calculate the
exit temperatures of vortex tubes. Afterwards, the predictions
were systematically compared to the ideal gas model recently
proposed by Lagrandeur et al. [21]. The results were also
compared to the experimental data of Camiré [20] for air
vortex tubes and Zhu [19] for vortex tubes working with
R134a and carbon dioxide. Both models exhibited similar
performances for the exit temperatures of vortex tubes working
with air. However, the real gas model significantly improved
the predictions of the perfect gas model for the two other
refrigerants. More comparisons are now suitable to further
validate the model against experimental data for other refriger-
ants like hydrogen and also at very high pressures. As a future
work, the present model will be used to optimize a transcritical
COs heat pump integrating a vortex tube.
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