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Abstract— A three-dimensional model based on Fast Interface 

Particle Interaction (FIPI) is developed for drying a single 

suspension droplet in processes with a high evaporation rate. 

The numerical model is able to describe consecutive states of 

the agglomeration process including droplet shrinkage, 

particles accumulation on droplet surface, and buckling. Also, 

the three-dimensional analysis sheds more light on the 

complex phenomena of buckling specially interaction of 

droplet interface and suspended solid particles. The model 

uses a Lagrangian approach for tracking suspended solid 

particles and Eulerian approach for the liquid phase. It is 

found that particle-induced surface pressure drives the 

buckling of suspension droplet. It is shown that the particle-

induced surface pressure increases during evaporation until it 

reaches a threshold value at the onset of buckling. When the 

surface pressure is larger than surface tension, deformation of 

droplet originates in locations with lower concentration of 

particles. 

Keywords- Buckling, Suspension Droplet, Level Set, 

Evaporation 

I.  INTRODUCTION 

Drying of suspension droplet appears in many applications 
such as interfacial materials [1-4], biological systems [5, 6] and 
industrial processes [7, 8]. Theoretical description of this 
phenomenon dates back to  the early nineteenth century [9]. 
However, accurate numerical modeling of such analytical 
description poses a great challenge due to discontinuity in 
material properties, complex boundaries and need the 
simultaneous solution of the equations for solid and liquid 
phases. For simulation of drying of suspension droplet, the 
following equations should be solved: governing flow 
equations; solid particles equation of motion; and equations for 
tracking droplet interface. Solving these set of equations 
requires a suitable and consistent numerical scheme which is 
not only computationally effective but also be able to 
accurately capture fluid/solid interface and corresponding 
forces. The development of accurate and efficient 
computational methods to describe solid particles behavior 
suspended in drying suspension droplets is currently the subject 
of intense research effort [10-16].  

One perhaps can distinguish three major numerical methods 
for this phenomenon: Lagrangian-Lagrangian, Eulerian-
Lagrangian and Eulerian-Eulerian. In the Lagrangian-
Lagrangian method, both fluid and solid treats as particles. 
Each phase has separated respective domain discretization and 
numerical scheme and the interface is modeled using a fitted 
unstructured grid [17] so that the Lagrangian-Lagrangian 
method can be used for complex moving boundary problems 
[18]. Another advantage of these methods is reduction in 
storage and calculation which makes it best candidate for 
application in real-time simulations, such as animation and 
gaming [19]. However, inaccurate capturing of discontinuities 
[20], inadequate prediction of forces exchange between the 
fluid and solid [21], the restriction of spatial resolution setting 
[22] and the lack of temporal convergence [17] are the major 
disadvantages of Lagrangian-Lagrangian method. Smoothed 
Particle Hydrodynamics (SPH) [23] and Moving Particle Semi-
Implicit (MPS) [24] can be recognized as example of this class. 
Regarding the Eulerian-Eulerian approach, mass and 
momentum equations for each phase, solid and liquid, are 
solved in a fixed mesh.  Each cell contains certain fractions of 
liquid and solid in such a way that the total volume fractions of 
phases sum to unity [25]. The Eulerian-Eulerian is suitable for 
any application with high concentration of the particle phase 
[26]. Also, this method requires relatively low computational 
cost for one additional set of equations [27]. However, this 
approach needs considerable modelling efforts since trajectory 
and averaging of solid particles are not performed at a 
computational level and are implicitly calculated at a 
hypothetical level [28]. It should also be mention that diffusion 
and heat transfer coefficients are not accurate in the Eulerian-
Eulerian approach and there is some uncertainty over the 
calculated coefficients [27].  

The Eulerian-Lagrangian approach has the merits of both 
previously mentioned numerical methods. It not only can 
accurately capture the droplet interface and forces exchange 
between the fluid and solid but also has computationally cheap 
solutions. In this method, the entire computational domain is 
occupied with fluid including both gas and liquid phases. The 
solid particle, however, is treating as a mass point in the fluid 
mesh and it is tracked using accurate constitutive equations 
including equation for calculating the fluid/solid interactions. 
There are several phase interface tracking schemes for fixed 
grid flow solvers, among them the marker method, the volume-



   

of-fluid (VOF) method and the level set method. Each of these 
tracking methods has it is strengths and weaknesses, such that 
no clear gold-standard has emerged that is applicable to the 
wide range of possible multiphase flow phenomena [29-32]. 
However, existence of spurious current in in the interface using 
the VOF technique as well as robustness and efficiency of the 
level set makes the level set method the best candidate for 
evaporation-driven solid particles agglomeration processes like 
drying of suspension droplet [33-35]. 

The purpose of this study is to develop a Eulerian-
Lagrangian approach based on FIPI to accurately simulate 
successive stages of drying of a single droplet in high rate 
evaporation processes. To minimize numerical errors imposed 
by spurious currents at the interface, the level set technique is 
used for tracking the droplet interface. For tracking solid 
particles, equation of motion for particles is solved, and 
suitable and consistent numerical schemes are designed to 
accurately implement the exerted forces. The numerical results 
reveal that particle-induced surface pressure plays an important 
role in drying of suspension droplet. It is shown that shrinkage 
of drying suspension droplet continues until the particle-
induced surface pressure overcomes surface tension. Then, 
droplet will buckle at locations with lower concentration of 
particles.  

 

II. GOVERNING EQUATIONS 

A three-dimensional model based on FIPI method [34] is 
developed to describe the drying of suspension droplet. FIPI is 
a Eulerian-Lagrangian approach using to model the fluid flow, 
solid particles dynamics and their interaction in complex 
multiphase flows. The computational domain is a cubic box of 

 discretized using a uniform mesh. It should be 
mention that the numerical method can only be used in periodic 
domain on a uniform structured grid. However, this restriction 
is not an issue for simulation of evaporation of suspension 
droplet. A mesh refinement study was performed in which the 
mesh size was gradually reduced until no significant changes 

were seen in the simulation results ( ). 
The continuity, momentum, and level set equations are 
numerically solved by the 3D standard Fourier-spectral method 
to obtain the velocity and droplet spatial distributions 
throughout the domain [36]. 

Considering the flow to be incompressible, laminar and 
Newtonian, the governing equations of each phase solved for 
low-Reynolds number cases in which fluid inertia is negligible 
will become: 

 

where  is the volumetric force acting on the fluid due to 
surface tension. The summation term presents all the forces 

exerted on the droplet by the  particles. This term includes 

delta forces of strength  applied at the center  of each 

particle.  is comprised of the drag force ( ) and the 

interface-particle capillary force ( ) [34]. These sets of 

equations are numerically solved to obtain the velocity ( ) and 

pressure ( ) in the droplet. In this method, the interface is 

traced by the level set function  which for a domain  
(Fig.1) is defined as follow:  

 

 

 

Fig.1 A representation of the level set function for a numerical domain 

The advection of the level set function through the 
computational domain is calculated according to Cahn-Hilliard 
equation [34]: 

 

 

(4) 

 

where  is the chemical potential which is derivative of total 

free energy density ( ) with respect to the level set function: 
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 is the free energy of system including bulk free energy and 
interfacial energy [37]: 
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where  is a numerical parameter proportional to 

the surface tension ( ) and the thickness of the fluid interface 

( ), and  is a mobility parameter.  

In this study, instead of solving the evaporation model, 
evaporation of droplet is simulated by decreasing the size of 
droplet based on the so-called “D2-law”. This treatment 
enables the uniform decrease in the size of suspension droplet. 
The applied shrinkage of the droplet size is determined based 
on the rate of evaporation and operating conditions. 

By neglecting particles inertia, particles velocity can be 
obtained using a balance between forces acting on the particles: 

where ,  and  are drag force, force on particle due to 
particle-particle interaction and interface-particle capillary 
force, respectively. 

The drag force ( ) exerted on particles is given by: 

where ,  and  are particle velocity, liquid viscosity, and 
particle radius, respectively. 

Various models have been developed to model the particle-
particle interaction forces. Linear models are the most intuitive 
and stable models [38]. In this study, a linear model is used to 
consider the particle-particle interaction forces [39]: 

where , , , and  are stiffness parameter, particles 

distance, cut-off length ( ), and the unit vector along 

the line connecting centers of particles  and  [40]. 

The main driving force of the agglomeration process is 
interface-particle capillary force resulting from surface tension. 
This force only exerts on the particles locating at the droplet 
interface [34]: 

where ,  , , and are non-dimensional parameter 
characterizing the effect of capillary forces, minimum distance 
between the particle center and the zero level set, the unit 
normal vector from the interface to the particle center, and 
maximum distance for which the particle desorbs from the fluid 

interface ( ).  can be approximately determined by 

calculating the work of desorption of  and equating the 
result to single-particle adsorption energy expressions [34]: 

where  is the contact angle of solid particles accumulated on 
the droplet interface (Fig.2). 

Since the size of dispersed particles is far smaller than the 
liquid droplet, the effect of curvature in the liquid– particle 
interfacial region is negligible and the contact angle can be 
assumed to be constant throughout the process [41], the contact 

angle is equal to  in this study. 

 

 

Fig.2 Schematic illustration of the contact angle  

III.  RESULTS AND DISCUSSSION 

 
Fig.3 displays the snapshots of evaporation of a stationary 
suspension droplet in which monodisperse spherical particles 
are uniformly dispersed in the liquid phase. For evaporation of 
droplet, the rate of evaporation is calculated based on the 
operating condition. Further details on the simulation and 
properties of suspension droplet are given in Table 1 and Table 
2, respectively. The 3D numerical results are better seen with a 
cross section showing the solid particles inside the droplet 
along with the total free energy of the droplet. The 
corresponding time measured from the beginning of 
evaporation is given at the left of each image.  

The evaporation of liquid phase gradually shrinks the 
suspension droplet. During isotropic decrease of the droplet 
diameter (Fig.4), the surface tension force accumulates the 
solid particle on the droplet interface. Since the rate of 
evaporation is considerably larger that particle diffusivity 
inside the liquid phase, particles do not have enough time to 
move into the center of droplet and forms a packed spherical 

particle aggregate on the droplet surface ( ). 

The particle accumulation on the droplet surface leads to 
formation of a viscous shell which can alter the behavior of a 
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drying droplet. The energy of shell comes from the interaction 
forces between neighbor particles. The energy of shell 
gradually increases due to increase of number of particles 
packed in the shell and reduction of distance between particle 
during the shrinkage. The energy of shell is expressed as 
follows [36]: 

 

where   and  are the modulus of the interparticle force 

between particle k and particle l and the corresponding 
interparticle separation, respectively. 

The pressure difference between inside and outside of droplet 
can be calculated using Young-Laplace equation: 

 

where  and R are the particle-induced surface pressure and 
the droplet radius, respectively. 

By shrinkage of droplet and consequently reduction of distance 
between particles, repulsive interaction forces increase leading 
to the higher particle-induced surface pressure. Therefore, the 
pressure difference decreases overtime as shown in Fig.5. 
When the particle induces pressure is larger than surface 
tension (Ps>γ), deformation of droplet originates in locations 
with lower concentration of particles which are weaker against 
the particle-induced surface pressure [42, 43]. In other words, 
the buckling process starts when the energy stored in packed 
aggregate reaches a threshold value and conquers the total free 
energy of droplet including bulk free energy and interfacial 
energy (∆P=0) (Fig.5). The interplay between the shell energy 
and the opposing droplet surface tension energy determines the 
magnitude of deformation. The energy associated with an 

inversion of depth  can be expressed as [44, 45]: 

 

where 

 

where c, χ, β,   and ΔV are a dimensionless contact, bending 

rigidity,  number, external pressure and 
the volume change due to the inversion, respectively. For large 
values of inversion depth, the second term of becomes 
dominant, and inversions can decrease their net energy by 

growing even deeper. The maximum value of inversion depth 
occurs when [44]: 

 

The eq. (16) indicates that for a particular pressure, inversions 
of depth become larger overtime until some other constraint 
such as self-contact avoids further growth of the inversion [44]. 

 

 

 

Table1: simulation conditions 

Rate of Evaporation ( ) 
 

( ) 

Particle Diffusivity ( ) 
 ( ) 

Peclet number 

( )  

Stiffness Parameter 0.4  

Droplet Initial radius ( )  

Particles radius ( )  

Number of Particles  

 

 

Table2: properties of the materials used in the simulations. 

 Properties 

Material 
Density, 

 

Dynamic 

viscosity, 

 

Surface 
tension, 

 

Ethanol    

Yttria 
Stabilized 
Zirconia 
(YSZ) 

 

- - 
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Fig.3 Snapshot of numerical simulation (a) θ=0 (b) θ=0.233 (c) θ=0.483 (d) 
θ=0.733 (e) θ=0.866 (f) θ=1 (θ=t⁄τ, τ is total time of buckling process (240 μs) ). 

Left images: spatial distribution of ethanol and solid particles. Right images: 
free energy contour. 

 

 

Fig.4 Time history of droplet diameter  



   

 

Fig.5 Time history of pressure difference between inside and outside of 

droplet 

IV. CONCLUSION 

In this work, a consistent numerical method had been 
developed to investigate the evaporation of suspension droplet 
in high rate evaporation processes. The developed model used 
a Eulerian-Lagrangian approach based on FIPI method for fluid 
and suspended solid particles, and the level set method to 
capture the droplet interface during evaporation. A linear 
model was developed to calculate the particle-particle 
interaction force which not only reduced the computation cost 
but also resulted in a stable simulation. The model can predict 
the successive stage of drying of a suspension droplet reported 
in the literature. The numerical results showed that the particle-
induced surface pressure gradually increases during 
evaporation and reaches a critical value. At onset of buckling, 
the particle-induced surface pressure is equal to the droplet 
surface tension. From that point on, the droplet gradually 
buckles at locations with lower concentration. 
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