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Abstract— Continuum robots (CRs) are an important class 

of robots inspired by the biological counterparts. Recently, a 
new paradigm of using multiple CRs, under cooperative 
continuum robots (CCRs), has been introduced to increase the 
performance of CRs. The motivation behind this work is to 
provide a detailed discussion on the concept of CCRs and a 
detailed description of its two different sub-configurations, 
including Co-manipulative and Target-assist CCRs. This paper 
also presents kinematic modeling and Jacobian derivation of 
these two sub-configurations. It has been shown that kinematics 
of Co-manipulative CCRs could be well estimated using the DH 
approach; while, for deriving kinematics of the second sub-
configuration, a combination of DH approach and an exact 
kinematic modeling approach, using Cosserat rod theory, has to 
be used. The obtained Jacobians could be used for control 
purposes and CR-based grasp synthesis.  

Keywords-Continuum robots; cooperative continuum robots; 

kinematics; Jacobian; grasp synthesis  

I.  INTRODUCTION 

In recent years, design, modeling, and control of Continuum 
Robots (CRs) have gained significant research attention  [1]–[6]. 
Their applications have been on the rise due to their continuum 
backbone structure. Continuum backbone enables CRs to 
operate in constrained spaces [7] and makes them a safer choice 
for interacting with humans. Various designs of CRs are heavily 
influenced by the research on natural continuum structures such 
as elephant’s trunks [8], snakes, or octopus’s tentacles [9]. The 
development of new natural-based structures of CRs and 
introducing new configurations of them are still among active 
research areas in robotics [10]–[13]. Until now, a couple of 
configurations have been introduced, including single-CRs [14], 
parallel-CRs [15], Series-CRs [16], and Cooperative-CRs [4].  

Single-CRs often include a couple of tendons, each actuated 
by a separate actuator that has continuous interaction with a 
support backbone [14]. Series-CRs consist of a couple of 
segments arranged in series such that each segment has a 
separate actuation system [17]. Shortcomings of single- and 
series-CRs include their low payload, limited degrees of 
actuation (leading to poor tip degrees-of-freedom), questionable 
maneuverability, poor accuracy, and poor tip stiffness. Parallel-
CRs [18]–[20] have been proposed with some potential for 
addressing some of the above shortcomings of individual CRs.  

  
Figure 1. Different configurations of CCRs in medical applications 

They consist of either a few CRs arranged in parallel to form 
closed kinematic chains or a couple of segments sharing a 
common base position. Parallel-CRs provide increased precision 
[21] and larger torsional stiffness [22]. They also make it 
possible to form complex cross-sections, which consequently 
result in boosted performance in doing more complicated tasks 
[23]. Another alternative is cooperative-CRs (CCRs) [4] as 
shown in Fig. 1. CCRs consist of a set of CRs providing degrees-
of-freedoms over the base positions of the involved CRs, and 
their contact points. Regarding the contact points, both position 
and orientation in which one CR reaches the other/s could be 
variable during the defined operative task. The advantages of 
incorporating cooperative configurations over the use of series 
or parallel sets are enlarged workspace and improved 
manipulability of the coupled system. Another advantage of 
CCRs is their adaptive configurations enabling them to pass 
through complicated structures.  They provide better control 
over tooltips of target CRs and increase the total stiffness of the 
tooltip, which enables applying larger forces.  

One of the applications of CCRs is in minimally invasive 
surgeries. For instance, in the treatment of ventricular 
tachycardia, a cooperative configuration allows multiple entry-
points to facilitate access and mating of coupling catheters that 
could be difficult or can cause unnecessary damages to tissues 
when the single-entry point is selected for a few catheters. It is 
interesting to note that in operation on the left ventricle, 
punctures are usually made to access from the right ventricle, 
and if different entry points are made available, such punctures 
could be minimized. In addition to providing better control over 
tooltips of target CRs, cooperative sets also increase their 
stiffness allowing larger force applications that are important for 
the success of many interventional procedures.  
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This paper presents full-kinematics modeling and derivation 
of Jacobian formulation of two main sub-configurations of 
CCRs, i.e., (1) Target-assist cooperative CCRs and (2) Co-
manipulative CCRs. The two sub-configurations are shown in 
Fig. 1. 

In this paper, as our first contribution, we extend some of the 
ideas in [4] to full-kinematic modeling of Target-assist CCRs. 
The model developed in our previous paper considers a special 
case of cooperation in which the Target-CR is bent first, and then 
the cooperation is formed. That model does not count the 
simultaneous bending actuation of the Target- and Assist-CR.  In 
this paper, we expanded the model so that both Assist- and 
Target-CR can have simultaneous actuation. Moreover, to 
increase the model simplicity and still not sacrificing the 
accuracy, the sub-configuration is considered as two separate 
parts, and a combination of DH-based and Cosserat-based are 
utilized to obtain the full-model.  

The second contribution of this paper includes kinematic 
modeling and Jacobian derivation of the Co-manipulative CCR. 
It is for the first time that the full model, which includes both the 
involved CR arms and the grasped object, is derived for such 
configuration.  

For both parts, the result Jacobians have reasonable time-
cost, making them appropriate for a wide range of applications 
from real-time control to grasp synthesis. Part II defines the 
concepts of both Co-manipulative and Target-assist sub-
configurations. Parts III and IV present forward kinematics and 
Jacobian derivation of Co-manipulative and Target-assist CCRs, 
respectively. Simulations are presented in Part V, and finally, 
conclusion is presented in Part VI.  

II. COOPERATIVE CONTINUUM ROBOTS: CONCEPT AND 

CLASSIFICATIONS 

The minimum number of CRs required to form a CCR 
configuration is two. According to the defined task for CCRs, 
different selections could be made on the relative base positions 
and relative tip positions of the involved CRs, which ends up in 
different sub-configurations of CCRs.  

Two main such sub-configurations are shown in Fig. 2. We 
name them Target-assist CCR and Co-manipulative CCR.  

 

 

(a) (b) 
Figure 2. Two main sub-configurations of CCRs: (a) Target-assist-CCR, (b): 

Co-manipulative CCR  

 
Figure 3. Breakdown of the CRs in Figure (2) to its distal and proximal ends 

In this paper, the involved CRs are selected to be of a 
common kind of CRs used in minimally invasive surgeries. 
Bodies of these CRs two different internal mechanisms for their 
proximal- and distal-ends (Fig. 3). The proximal-end is not 
actuable, and its main functionality is to enable remote actuation 
of the distal-end. On the contrary, distal end is internally 
actuated. A set of tendons connected to a rotary knob from one 
end and fixed to the distal-end-plate from the other end, actuate 
the distal-end. The distal-end can easily bend in response to the 
internal actuation. Also similar to the other internally-actuated 
CRs, the distal-end shows stiffness in response to external forces 
and moments.  

The sub-configuration of Co-manipulative CCRs (shown in 
Fig. 2.a), consists of a dual/or multiple CRs which act in parallel 
on the object. The forward kinematic model and Jacobian of Co-
manipulative CCR is a function of the object geometry, contact 
type, positions of contact points on the object, and the postures 
of the involved CRs.   

Co-manipulative CCRs allow for the grasp and manipulation 
of objects, which are a significant domain of CRs application. 
This application is specially very beneficial in minimally 
invasive surgeries (MISs). For instance, some possible 
applications include taking tissue samples from internal organs 
and pick and placement of the mitral valve during valve 
replacement.  

The sub-configuration of Target-assist CCR consists of a 
target CR and one/a set of assistive CRs. In this sub-
configuration (Fig. 2.b), CRs are located back-to-back. In such 
an arrangement, the bending motion of the distal end of the 
Assist-CR is almost blocked by the proximal end of target-CR. 
Therefore, the only left motion for the Assist-CR is insertion into 
the space between the contact point and the base. As shown in 
Fig. 2.a and 2.b, inserting of a bigger portion of the Assist-CR 
pushes the contact point downward.  

III. CO-MANIPULATIVE CCRS 

In this part, a planar symmetric configuration consisting of 
two CRs with the same actuation mechanism is considered for 
the modeling purposes (Fig. 4).   

Each of the involved CRs is considered as a single serial 
chain. The Co-manipulative CCR shown below includes one 
closed kinematic chain formed by two single serial chains and 
the object. 

 

Figure 4. Co-manipulative CCR and the assigned coordinate frames 

Single serial chain 

Object 
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The forward kinematic and full Jacobian of the model could 
be obtained within three steps:  

Step I:     Jacobian derivation of the single serial chains 

For the i-th serial chain, iJ  represents the i-th arm 

configuration and relates the robot end-effector velocities, 
i

C robv , to the actuator generalized velocities 
iq  through 

i

C rob i i v J q , (1) 

Step II: Grasp matrix calculation [24] 

The Grasp matrix, 
iG , represents the object geometry and 

maps the velocities of the grasped object at the contact points, 
i

C objv , to the velocities, t , of the grasped object at any arbitrary 

point through (2), 

.i T

C obj i v G t  (2) 

Hence, the relative velocities between the object and the robot at 
each contact point are obtained as (3), 

( ) .
ii i T

C obj C rob i i 

 
    

 

q
v v J G

t
 (3) 

Step III: To form the selection matrix according to the contact 

types [24] 

Selection matrices, iB , are used to define contact types, i.e., 

they chose which components of contact forces and moments 
and contact linear and rotational velocities transmit between the 
robot and the object and apply constraints to the problem. 
Equation (4),  

( ) ,i i

i C obj C rob  B v v 0  (4) 

defines the contact constrain equation for the ith contact.  

To write the kinematics of co-manipulative CCRs more 

compactly, we block-diagonalize all the matrices and stack all 

the vectors to present kinematics relationship as  

( ) .T  
  

 

q
B J G 0

t
 

(5) 

Finally, the transformation from the actuator velocities to the 
velocities of the grasped object, which is commonly named as 
grasp Jacobean matrix, H, obtained as,  

,

[( ) ( )],T 





t Hq

H BG BJ
 (6) 

where (.)+ is pseudoinverse.  
 

In (6), the grasp matrix and the selection matrix are defined 
and obtained according to the object geometry, contact poses, 
and types. Therefore, considering a specific G and contact-

model, iJ for the involved CRs needs to be derived to get the full 

Jacobian of the Co-manipulative sub-configuration.  

Constants curvature [10] and Cosserat rod [7] are two 
commonly used approaches in kinematic modeling of CRs. 
Constant curvature approach shows promises when a CR is 
operating in the absence of external forces and moments. On the 
other hand, the Cosserat rod can obtain an exact model of CRs 

even if forces and moments are applied. In modeling of CRs, the 
preference is to use constant curvature since Cosserat rod is 
time-expensive due to ending up in a set of ordinary differential 
equations.  

In the co-manipulative sub-configuration, interaction forces 
present at contact points acting as external forces and moments 
applied to the tip of the involved CRs. However, there are some 
justifications that allow us to utilize constant curvature approach 
here including  

(1) In problems of manipulating light-weight objects, the 

interaction forces are not as significant as the internally 

applied actuation, meaning that their effect on the 

deformation of the CR could be neglected.  

(2) If the entire manipulation breaks down into the pre-grasp 

problem, it could be considered that in the grasp problem, 

interaction forces do not appear. Also, in the object 

manipulation, the model uncertainties due to making 

constant curvature assumption could be compensated by 

applying a robust controller.    

Therefore, in this part, the involved CRs, a closed-form 
Jacobian based on constant curvature is derived. According to 
the physical model and the assigned DH parameters shown in 
Fig. 4, the modified DH table is illustrated in Table I, 
respectively. 

TABLE I: MODIFIED D-H TABLE 

Link a    d    Link a    d    

1 0 0 1d  0 4 0 
2


 4d  0  

2 0 
2


 0 2   5 0 

2


 0 53

2


  

3 0 
2


 0 3

2


  6 0 0 7d  0  

According to Table I, the forward kinematics, A , and 

Jacobian of the CR, iJ , can be obtained as,  

2 3 2 3 2 2 4 3 7 3

2 3 2 3 2 2 4 3 7 3

3 3 1 4 3 7 3

c( )c(2 ) s( ) -s(2 )c( ) -c [d c( )+d s(2 )]

s( )c(2 ) -c( ) -s(2 )s( ) -s [d c( )+ d s(2 )]
,

-s(2 ) 0 -c(2 ) d +d s( )-d c(2 )

0 0 0 1

       

       

   

 
 
 
 
 
 

A  (7) 

 

2 2

3 3 3
2 7 3 2 7 3

2

3 3 3

2 2

3 3 3
2 7 3 2 7 3

2

3 3 3

c ( ) s(2 ) c( )
s( )( s(2 )) c( ) 2 c( ) 0

( )
2 2 2

c( ) s(2 ) c( )
c( ) s(2 ) s( ) 2 s( ) 0

( )
2 2 2i

L
d L d

L
d L d

  
   

  
  

  
   

  
  

  
  

     
     

  

    
    

        
       

    
J

3

3 3
7 3

2

2

3

2

c(2 ) s(2 )
s( )

,

2( )

0 2s( )

0 2c

0 1

2 2

0

( ) 0

01 0

L L
d

 













 
 
 
 
 
 




 




 


 
 
 
 
  
 
 
 
 
 
 

 

(8) 

where s and c denote sin and cos functions, respectively. Notice 

that to obtain (8), the following geometry relation between 4d  

and 3  is used [25], 
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4 3

3

cos .

2

L
d 








 
(9) 

Therefore, the complete robot Jacobian J  is obtained by 

stacking individual iJ , i.e., 

 . . . ,
c

T
T T

1 nJ J J   (10) 

where nc is the number of contact points, which equals 2 for the 
system shown in Fig. 4. Algorithm 1 shows the Jacobian 
formulation for Co-manipulative CCR. 

Algorithm 1: Jacobian formation for co-manipulative CCR 

1: Specify initial condition including object geometry, robot 

configuration, contact models, location of contact points, Robot 

configuration, grasp contact point set 

  2:     %    Loop 

3:    for chain i = 1, 2 do  

4:          Compute the selection matrix (Bi) considering the contact model 

5:           Compute the grasp matrix ( )iG considering object geometry  

6:         Compute the robot-Jacobian matrix ( )iJ using constant  

             curvature method  

7:    end for 

8:    Compute the grasp-Jacobian matrix ( )H by (6) 

IV. TARGET-ASSIST CCRS 

Fig. 5 shows a set of two CRs operating in cooperation mode. 
A cooperation task could be broken down into the actuation of 
the distal end of the Target-CR and insertion of the assistive CR. 
These two actuations can occur simultaneously.  

As illustrated in Part II, in the cooperation mode, insertion of 
the Assist-CR causes the tip of the Assist-CR applies forces and 
torques to the base of the bending section of the Target-CR 
which accordingly, helps the tip of the Target-CR reach a desired 
point outside its normal working space (Fig. 5-Right). 

 
Figure 5. CCR in Cooperation Mode, (Left): The Target-CR is actuated, 

(Right): The Assist-CR is actuated to help the Target-CR reaches a desired 

point outside its reachability space. 

In the sub-configuration shown in Fig. (5), interaction forces 
present at the contact point acting as external forces applied to 
each of Target- and Assist- CRs. Although this means that the 
system needs to be fully modeled using the Cosserat rod 
approach, similar to Part III, a deeper look into the 
characteristics of CRs, will enable us to use a simpler model. 
Two ends of Target-CR (i.e., the proximal and the distal ends) 
could be considered separately and accordingly modeled 

separately as well. The proximal end of Target-CR, along with 
Assistive-CR, forms a closed loop. In this part, the effect of the 
interaction forces and moments between the Target- and the 
Assis- CRs cannot be ignored since it causes displacement of the 
contact point and accordingly deformation of the corresponding 
parts of both CRs. Therefore, this part needs to be modeled using 
Cosserat rod.  

On the other hand, the distal end of the Target-CR possesses 
one free end at the tip and one moving end at the contact point, 
which its movement comes from the displacement of the contact 
point as a result of the interaction forces and moments discussed 
in the previous paragraph. Therefore, kinematics of the distal 
end of the Target-CR could be modeled using a constant 
curvature assumption and DH-approach in which the base 
position of the distal end (the pose of the contact point) is 
updated by the Cosserat rod. Fig. 6 shows a schematic diagram 
of the proposed kinematic model.  

 
Figure 6. CCR in Cooperation mode: the assigned D-H parameters. 

The pose of the target tip (Ttip) with.respect.to (w.r.t) the World 

frame located at the base of Target-CR can be obtained as  

B W B W CPW 1 CPW

Ttip CP CP Ttip( )T T H H H H  (11) 

 

where 
B W B W CPW

Ttip CP CP, , ,T TH H H and CPW

TtipH are defined as, 

CPW

TtipH : The pose of Ttip (a frame located at the tip of the 

Target-CR) w.r.t CPW frame (a frame located at the 
contact point parallel to the World frame 

CPW

CPH : the orientation of the contact point frame { CP } w.r.t 

the world frame. The frame { CP } is a frame located at 

the contact point, the translation vector is zero, and the 
rotation matrix includes the rotation of contact point 
frame w.r.t the World frame.  

B W

CP
t H : the pose of the contact point w.r.t the World frame 

located at the base of Target-CR { tB W }.  

Calculation of
CPW

TtipH has a similar procedure as that discussed 

in Part III for the Co-manipulative sub-configuration. To obtain 
B W

CP
T H , the Cosserat rod model needs to be utilized. Similar to 

Distal end of Target-CR 

(modeled by DH approach) 

Proximal end of Target-CR 

 along with Assist-CR  

(modeled by Cosserat rod) 
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[26], the following sets of equations defines the Cosserat rod-
based model of a single CR:   

Kinematics: 

,s p Rυ  
 

(12.a) 

.s  R κ R  (12.b) 

Constitutive Relations: 
0( ) ( )nes   n K  

0( ) ( )mes   m K  

 

(12.c) 

(12.d) 

Static Equations: 
T( )s exs    n κ n R F  

T( ) ( )s exs s      m κ m υ n R L  

 

(12.e) 
(12.f) 

where  

1 2 3diag( , , ),me EI EI GIK diag( , , ).ne GA GA EAK  

where in kinematic relations , , ,p R υ  and κ  are position, 

orientation, linear strains, and angular strains, respectively. In 
constitutive relations, ( )sn  and ( )sm  represent internal forces 

and moments, and in the static equation, exF  and exL  stand for 

external forces and moments. Finally, ,E  ,iI ,G and A

represent Young’s modulus, the moment of inertia about axis 

 ,i  shear modulus, and cross-section area.  

A backward-forward iterative algorithm (Algorithm (2)) is 
employed to solve for the Equation-set (12). As the name 
suggests, the algorithm consists of two loops, the first loop 
accounts for calculating the strains (curvatures), and based on 
the obtained curvatures, the second loop calculates the 
orientation and position of the centroid curve of the CR.   

Modeling of a set of two CRs has one more unknown 
parameter, which is the interaction forces and torques. A 
numerical algorithm could be used to find the interaction forces 
and torques so that when applying to the both CRs (i.e., the 
Assist-CR and the Target-CR), the contact pose will be obtained 
the same (Algorithm 3).  

Finally, using the differential of the actuation input and the 
Target-CR tip positions, the Jacobian can be computed 
numerically for the closed-loop chain of the CCR system. 

Algorithm 2. The algorithm to solve for kinematics of a single CR  

1:  % Initialization  

2:      Specify initial and boundary conditions including the poses of the 

basis of the Assist-CR and Target-CR, the initial position of the 

contact point,  

3:      Specify physical parameters of CRs including lengths and diameters,  

4:      Specify mechanical parameters of CRs 

5:   % Loop 1 

6:    for 0:s L do 

7:          Solve for n  and m  using Equations (8) and (9)  

8:          Calculate υ and κ  

9:    End for 

10:  % Loop 2 

11:  for 0:s L  do 

12:         Calculate q and p  

13:  End for 

Algorithm 3. The pseudo-code to solve for kineto-statics behavior of a 

cooperative set of CRs 

1:  % Initialization  

2:      Specify initial and boundary conditions including the poses of the basis of 

the Assist-CR and Target-CR, the initial position of the contact point,  

3:      Specify physical parameters of CRs including lengths and diameters,  

4:      Specify mechanical parameters of CRs 

  5:      Initial guess for the interaction forces and moments, ,in inF L  

6:     While the guess does not meet the cost function  

7:            Guess ,in inF L  

8:             Apply ,in inF L  to Assist-CR as external forces and moments  

9:             Apply ,in in F L  to Target-CR as external forces and moments  

  10:           Solve for kinematics of Assist-CR using Algorithm (I)  

  11:           Solve for kinematics of Target-CR using Algorithm (I)  

  12:   %  Cost Function  

  13:           if  

  14:           the position and/or orientation of the contact point of both CRs are 

obtained as the same, Exit  

15:          else update the initial guess for ,in inF L  

   16:         End while 
 

V. IMPLEMENTATION  

In order to illustrate the performance of the algorithms 
presented in the previous sections, kinematic modeling of both 
sub-configurations of CCR is shown in Fig. 7. For this purpose, 
the structural information of a Bi-directional handle 
FlexAbility™ ablation catheters (St. Jude Medical, St. Paul, 
MN) have been used. 

  
Figure 7. Sample simulation for Target-Assist and Co-manipulative sub-

configurations 

VI. CONCOLUSION 

This paper presented the kinematic analysis and Jacobian 
formulation of a new paradigm of continuum robots, entitles 
cooperative continuum robots (CCRs). First, a detailed 
discussion on the concept of CCR and its main sub-
configurations is provided. Examples of such configurations are 
presented by a single segment tendon-driven catheter. Then, it 
extended previous works on the generation of Jacobians of CRs 
to the context of CCRs. Cosserat-rod and constant curvature 
approaches have been utilized for system modeling. The final 
Jacobians are relatively simple and applicable for a wide range 
of applications, from grasp synthesis to real-time control. 
Finally, a modeling example for a dual CCR is summarized. 
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