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Abstract— Quadcopters, hexa-copters and multi-rotor
unmanned aerial vehicles (UAV) in general have become one
of the most common types of vertical take-off and landing
(VTOL) aerial vehicles where the thrust vectors of all the rotors
are usually parallel. These UAVs are typically under-actuated
meaning that the number of actuators is less than the degrees of
freedom of the vehicle and because of that they cannot achieve
holonomic motion. Recently, new designs for multi-rotor
UAVs are proposed where the thrust vectors of the rotors are
not necessarily parallel, and the rotors can have specific
orientations with respect to the body of the vehicle. These new
designs can achieve holonomy by manipulating thrust forces
and moments of individual rotors which results in independent
control of attitude and position of the UAV. In this paper,
modeling of forces and moments of rotors is presented first.
Second, translation and rotation model of the vehicle is
presented, followed by nonlinear optimal control design for
attitude and position of the vehicle. Attitude controller is
designed according to the state dependent Riccati equation
(SDRE) in nonlinear optimal control. Using input-state
feedback linearization technique, we simplify the problem and
then an analytical solution - utilizing quaternion parameters -
for the SDRE is presented. Similarly, a linear quadratic
regulator (LQR) for controlling the speed and position of the
vehicle is designed. In addition, using Lyapunov theory, proofs
for global asymptotic stability of all controllers are provided.
Finally, simulations verifying the results are presented.
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l. INTRODUCTION

Vertical Take-Off and Landing (VTOL) unmanned aerial
vehicles (UAVS) have received significant attention both in
academia and industry in recent years. Low maintenance and
production cost, simplicity and maneuverability are of the few
reasons why these vehicles have become so popular in both
research and industry area. Multi-rotors (including quadcopters
and hexa-copters) are one of the most common type of these
UAVs where they have individual rotors generating thrust forces

and moments with their parallel thrust force vectors. These
UAVs are usually under-actuated meaning that only a subset of
all degrees of freedom can be independently manipulated. In
multi-rotors usually altitude and attitude degrees of freedom are
controlled independently and the remaining two translational
degrees of freedom are controlled indirectly by manipulating the
attitude of the vehicle [1, 2, 3]. For such under-actuated systems,
usually a cascaded control strategy is developed where the
output of the inner control loop is the input of the outer control
loop.

Although during the past decades different control
algorithms have been developed to cope with the limitations of
actuators and improving flight performance [3, 4, 5], they still
cannot achieve holonomy using the common under-actuated
multi-rotor UAV design. To solve this issue, multi-rotor UAVs
with tilting rotors are proposed [6, 7]. Multi-rotors with fixed but
tilted rotors are proposed in [8] where the thrust force vectors of
all rotors are not parallel. In [9, 10], a new design is introduced
where the rotors could tilt on the fly. The work in [11] uses
ducted fans to design a holonomic UAV. Also, a quadcopter
with tilting rotors is presented in [12]. The work in [13] shows
that using a single central motor and 3 tilting rotors holonomic
motion can be achieved. Similarly, the method in [14] uses two
counter rotating central rotors in addition to three tilting ducted
fans to achieve holonomy.

Although papers in the literature addressed under-actuation
problem of VTOL UAVs, their modeling and control methods
are limited to the specific cases with the specified humber of
rotors and tilting angles. Therefore, the general formulation for
both modeling and control parts which is not dependent on the
specific type or number of rotors is still remaining. This paper
addresses this issue and presents the first general modeling and
control method for multi-rotors. In this way, Newton-Euler
method and some novel nonlinear optimal controllers with
stability proof are used for modeling and control parts of the
UAV, respectively.

The rest of this paper is organized as follows. The general
nonlinear dynamic model of multi-rotor is presented in section
1. Sections Ill and IV include details of the control design



process and simulation results, respectively. Finally, section V
concludes the work.

II.  MODELING

To derive a 6 degree-of-freedom (DOF) equation of motion,
two reference frames should be defined. First, an inertial
reference frame denotes F; which is attached to the earth
surface. Second, body reference frame which is indicated by F
and is fixed to the center of gravity of the aerial vehicle. Six DOF
motion can be divided into two separate translational and
rotational motion. Therefore, the equation of each motion is
derived based on Newton-Euler method in the following
sections.

A. Rotational Motion
Rotational motion equation for the multirotor can be written as
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where Y M is the total external torques implied on the aerial
vehicle and H, Hy and H{ are total angular momentum of the
system, angular momentum of the UAV body and total angular
momentum of motors and their propellers, respectively. All
derivatives in (1) are derived with respect to F; frame. Using the
derivation relationship in rotational frames, (1) can be rewritten
as
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where [ is the moment of inertia of UAV in Fy frame and
remains constant in this frame. Vector w = [w1 @2 @3]T is
the angular velocity of UAV at F , w is the time derivative of w
and S,, is the skew symmetric matrix of w vector defined as
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After some simplification of (2), w can be written as
& =J5 (EM = SoJpw = Tiy HE = TE1 S, HY). 4)
To calculate ' M the governing equations of motors and
propellers are needed to be derived as (5).
Dgizrop = T;'tator - h;, (5)
where D,",mp is aerodynamical torque implied on each propeller

while ti,,.,, and AL are a torque generated by each brushless
motor and a rate of angular momentum change for each set of
motor and propeller, respectively. AL can be defined as (6).

hi = Jiat. Q)
Using (5), (4) can be rewritten as
o= J5" (EU(4:6) = SuJpw — Xizy So H). O

where U(4:6) denotes the control input for attitude and is
derived in section C. To derive rotational kinematics, quaternion

parameters are used. The quaternion attitude equation set can be
written as (8).

€= %(nw + S.w),
N = —%a)Te, (8)

where € = [€1 €2 €3]T is the vector part of quaternion
parameters, while 7 is the scalar part of that, and S, is the skew
symmetric matrix of €.

B. Tansitional motion

Using Newton’s second law, translational equation of
motion for UAV can be written as (9).
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where Y, F is the total external force implied on UAV, whereas
V and P,respectively, are velocity and the position of UAV’s
center of the gravity in inertial reference frame. External forces
implied on the UAV include gravity and thrust of motors are
presented as.

ZF:G_fv (10)

where G =[0 0 mg]" is the gravity vector in inertial
reference frame in which m is the mass of the UAV. In addition,
vector f is the thrust control vector in inertia frame defined in
(12). Therefore, the translational equation can be rewritten as:

v=6-%

P=v, (11)
where f can be defined as (12):

f=Ccfu(:3),
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Here vector U(1:3) is a control vector for position which is
determined by using the motors thrust in the body frame (in the
next section) and C£ is the rotation matrix between inertia and
body frame.

,(12)

C. Motors and propellers model

To complete the dynamic modeling of the multirotor UAV,
sets of motors and propellers should be modeled. Note that in (5)
D;',mp is an external torque implied on each propeller, while
Tk, 400 Which causes rotational motion of the UAV is implied on
the center of gravity of the vehicle. For simplicity, instead of
considering AL, a first order transfer function with the time
constant of ¢ is considered as motor’s model in (13), where M
is assumed as control input.
DziJrop (s) = ML) (13)

1+0s’

Furthermore, h(s) can be simply calculated as (14).



hl( ) Dprop(s) (14)
Transfer function in (14) can also be used for modeling the

thrust of motors as follows.

TL(S) — TC(S) (15)
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To calculate the relationship between the thrust of motors T
and their produced torques U(4:6) and forces U(1:3), in the
body reference frame, it is assumed that the n™ motor is located
at the front of the UAV on the x axis of the body frame. The
other motors are located at angles 6, 26, 36, ..., (n — 1) 6 with
respect to the x axis. Angle 8 depends on the number of motors

(n) and isequal to 6 = 27" Figure 1 illustrates the configuration
of motors in horizontal plane.

Figure 1. Motors arrangement in the horizontal plane

In the suggested arrangements of the motors in Figure 1,
motors numbered with odd numbers rotate clockwise, whereas
motors with even numbers rotate counterclockwise. Moreover,
in the body frame's horizontal plane, thrusts of the odd motors
are perpendicular to the radius of their located circles and they
are deviated to the left side of their radiuses by the amount of
installation angle (p) in the vertical plane, while even motors are
deviated to the right side.

Considering the suggested motors configuration, forces and
torques resulted from even motors’ thrust can be calculated in
the body frame as (16). Note that F; denotes the force generated
by the motor while E, and z, present the torque resulted from the
motor's force and torque respectively.
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where d is the distance of each motor from the center of gravity
of the UAV and T;,i =1,2,...,n denotes the thrust of each
motor. Also, k is the ratio of the torque to thrust produced by
each motor. Similarly, for each odd motor one can write:
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Therefore, total forces U(1:3) and torques U(4: 6) produced by
the motors can be derived in body frame as
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Equation (18) is invertible and therefore using the achieved
control input from the controller, thrusts of the motors can be
calculated as (19).

=M1 |=pm10, (19)

I1l.  CONTROL

In this section, control problem of rotational motion along
with translational motion will be investigated.

A. Attitude control

Most previous works on attitude control of UAV adopted
Euler angles as a feedback in control loop. This method needs
some simplification to make the control process possible.
Applying quaternion parameters, without any simplification, can
lead to obtaining optimal attitude error in contrast with
employing Euler angles. In addition, in control methods with
quaternions, control law is a linear function of quaternion
parameters. Therefore, working with quaternion is easier than
Euler angles and adopting this easiness and simplicity, we
suggest some analytical solutions, in this paper.

Another advantages of quaternions over Euler angles is that
quaternions do not face singularity issue, while Euler angles may
encounter singular points, and this can bring about some
complexities in nonlinear control designs. In this paper, SDRE
method is adopted for attitude control purpose. SDRE is a semi-
optimal nonlinear control method and despite all advantages of
this method, its stability analysis remains challenging. Although
the global stability of such method is not determined, range of
stability is estimated.

1) Analytical solution for SDRE
Generally, the input-state linearization method is used to
design some nonlinear control systems. In these designs, all
equations and state variables are commonly used, but here with



the inspiration that comes from this technique, first, some
nonlinear equation of motion for UAV are simplified. In the next
step, simplified equations are written in the forms of SDRE
method and subsequently, an analytical solution is suggested.
Finally, by suggestion of Lyapunov candidate function,
asymptotic stability of the closed loop system is proved.

a) Simplification of the attitude equations by input-state
linearization method

Considering (7), control input v can be redefined as
v=J5"(Zu = Sufsw — Tty S0 H), (20)

and using this, the rotational dynamic of the system can be
simplified as (21).

@ = . (21)
Therefore, control input u can be obtained from (20) as
u=Jgu+S,Jpw +Xi, S, HE. (22)

b) Forming semi-linear state equation

Equations (8) and (21) form state equation of the system. UAV’s
angular velocity and vector part of quaternion parameters are set
as states of the system. Therefore, on can write

x= 7] #=f@+g@u
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where [ is a 3 by 3 identity matrix, and f(x) is a continuous
function which f(0) = 0. Therefore, all conditions to form a
semi-linear equation can be addressed as (24). That is:

x = A(x)x + B(x)u, [(:] = 1‘?5 8 [(:] + [(IJ] v, (24)

where A, is defined as:
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c) Closed solution for SDRE method

To solve the closed loop solution of SDRE method for
attitude control, first, two positive definite diagonal weight
matrices Q and R should be defined as

_[@ O
=[5 o)
Q1 = diag(q};), i =123,
Q; = q%l,
R=r2, (26)
where r, g, and q,;,Vi = 1,2,3 are positive real numbers.
Considering the response of Riccati equation in (27), as a
positive definite matrix of P defined in (28), one can derive (29)-
(32).
ATP(x) + P(x)A(x) + Q(x) — P(x)B(x)R™*(x)BT(x)P(x) = 0
(27)

p=[l Pz]. (28)

1
A£P2+P2Ae_r_2P12+Q1=O, (29)

A£P4__ri2P1P2 =0, (30)
PyAc ——PIP, =0, (31)
1

It should be noted that (30) and (31) are equivalent. Here, using
(33), (24), (26) and input state linearization method, v can be
obtained from (34).

u(x) = —K(x)x = —R™*(x)BT (x)P(x)x (33)
V= —% (Pyw + Pye). (34)

Therefore, it is important to calculate matrices P, and P, by
solving (29) and (32). Fist, equation (32) can be rewritten as:

PIP, = 2Q,. (35)
This equation can be solved as

P, = Arq,l. (36)
Knowing P,, one can obtain P, from (29) as

P2 =712(ATP, + PyAc + Qy). (37)

Finally, knowing that P; is positive definite, one can solve (37)
to find P, as (38)

P, = diag(r ,qfi +rqn) ,i=1,2,3 (38)

d) Asymptotically global stability of the closed loop
attitude control system

In this section, the global asymptotic stability of the attitude
system is assessed using Lyapunov stability theory. Substituting
(34) in (24), we have

& = == (P + Pse). (39)
The following Lyapunov candidate is suggested for system

in (39).

L= %rszPz‘lw +eTe+ (1-n)?, (40)

where L is always positive (L > 0) and it is radially unbounded

with respect to w. Therefore, liT L = oo. The derivative of

w—T

Lyapunov candidate can be attained as

L = _(IJTP2_1P1(IJ. (41)

It is obvious that

{L<0\%w¢07 (42)

L=0Vw=0
B. Translational velocity and position control

In this section, LQR method is adopted to design position
and velocity control for multirotor UAV. Similar to the attitude
control design analytical solution of LQR is obtained using input
state linearization. Subsequently, we prove the stability of the
closed-loop system by applying Lyapunov stability theory.



1) Analytical solution for LQR
Considering (11), new control input z can be selected as

=G — i (43)
Therefore, translational dynamic equation can be simplified as
V=g

pP=v, (44)

By finding z from LQR method, control input fcan be easily
calculated from (43) as

f =m(G - 2). (45)

a) Forming state equation

To calculate z, velocity and position vectors are considered as
state variables. Therefore, simplified state equations can be
obtained in (46).

=L =17 ollel+[el (0
b) Closed solution for LQR method

Similar to the solution of the SDRE, First, two positive definite
diagonal weight matrices M and N as Q and R matrices for the
position control are defined as

u=[7 Iv(l)z]

M; = diag(m?) I, 47

M, = diag(m3)) I,

N =diag(n})l, i=1,2,3

where my;, m,;, and n; are positive real numbers. Considering

positive definite matrix S in (48) as matrix P in (27), the response
of Riccati equation can be found in (49)-(52).

s=[s <] e)
ST +8,—S,N-1S;, + M; = 0, (49)
Sy —S;N71S, =0, (50)
S, —SIN-1s, =0, (51)
—STN-1S, + M, = 0. (52)

Now, similar to the attitude control method, z can be calculated
in (53).

z = —N"1(5,V+S,P), (53)

Therefore, matrices S; and S, should be calculated from (49) and
(52). To find S, (52) is rewritten as

SIVN=IVN=IS, = (SIVN-D)(SIVN-D = /M, [M,, (54)

The solution of above equation is presented in (55).

Sy = 5§ = ¢[MV. (55)
Knowing S,, S; can be calculated by rewriting (49) as:
2,/MVN + M; = §;N~1S;, (56)

Finally, S; is obtained from (57).

S, =+N /zm\/ﬁ + M. (57)

c) Asymptotically global stability of the closed loop
attitude control system

Simplified close loop equation of motion can be noted as (58).
V =—N"1(5,V +S,P),

P=V, (58)

Now, the following Lyapunov candidate is suggested.

L =ZVTSTINV + 2 PTSTIS,P, (59)
The above Lyapunov candidate is positive definite and is
radially unbounded with respect to V and P. (Vl_i)rlloo L=
o, lim L = oo ). The derivative of Lyapunov candidate can

P-+o0
be attained from (60).

L — —VTV- (60)

IV. SIMULATION RESULTS

In this section, simulation results for tracking a desired helix
path defined in (61) are presented. Desired Euler angles are
considered zero. In this simulation, the simulated UAV equipped
with 8 rotors having fixed mounted angles of 20 degree.
Furthermore, initial Euler angles are assumed 5 degree, while
other initial condition of the UAV states are considered zero.
The characteristics of simulated UAV are shown in Table 1.

X 0.5cos (%)

Y[=105sin ) | (61)
t/10
Table 1 Specifications of simulated drone
Paremeter Descriptin Value
Distance
d between CG and 0.21m
each motor
m UAV’s mass 0.74 kg
0.004 0 0
UAV’s moment
I P : 0 0004 0 |kgm?
of inertia matrix 0 0 0.008
Proportion of
k torque over
produced thrust 0.1

Figure 2 illustrates the 3-dimensional trajectory of the UAV
whereas figure 3 shows the Euler angles of the simulated UAV.
It is shown that how UAV's angles have changed from 5 degree
to 0 and how UAYV tracks the desired trajectory with zero desired
Euler angles. The translational velocity of the UAV in three
inertial axes and its norm are presented at Figure 4, while Figures
5 and 6 indicate the control results as produced thrust of each
motor. As these graphs show, the thrust of the motors has
oscillatory behavior in order to generate sufficient force and
moments to track a desired helix trajectory with zero Euler
angles.
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V. CONCLUSION

In this paper, modeling and control of the n-rotor VTOL
UAV are presented. The suggested general formulation and
control strategy are not dependent on the number of motors and
their installation angles. Therefore, they can be used for a verity
of VTOL’s configurations. Furthermore, the proposed method
makes it possible to control the attitude and position of the UAV,
independently. It means that UAV can freely fly with 6 DOF
controllability. Moreover, this paper proposed an optimal
controller to control both attitude and position tasks. The
stability of the proposed control schemes is also proved through
Lyapunov method which makes the designed controllers
reliable. To analyze the system's behavior and verify the ability
of the proposed controllers, simulation results for tracking a
helix trajectory are presented, demonstrating the performance of
the UAV and suggested controllers.
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